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Introduction
Recently, T (a, b), S(a, b) and C(a, b) have been the subject of intensive research. In particular, many remarkable inequalities and properties for these means can be found in the literature [1] [2] [3] [4] [5] [6] [7] [8] .
For α, β, λ, µ ∈ (1/2, 1), very recently Chu et al. [9, 10] proved that the inequalities
hold for all a, b > 0 with a = b if and only if α
where A(a, b) = (a + b)/2 is the classical arithmetic mean of a and b. Then from (1.2), (1.3) and (1.6) we clearly see that
and Q t,p (a, b) is strictly increasing with respect to t ∈ (1/2, 1) for fixed a, b > 0 with a = b. It is natural to ask what are the greatest value t 1 = t 1 (p) and the least value t 2 = t 2 (p) in (1/2, 1) such that the double inequality
holds for all a, b > 0 with a = b and p ≥ 1/2. The aim of this paper is to answer this question, our main result is the following Theorem 1.1.
holds for all a, b > 0 with a = b if and only if
Remark 1.1. If we take p = 1/2 and p = 1 in Theorem 1.1, then inequality (1.7) reduces to inequalities (1.4) and (1.5), respectively.
Proof of Theorem 1.1
In order to prove Theorem 1.1 we need two lemmas, which we present in this section.
.
is strictly monotone, then the monotonicity in the conclusion is also strict.
Proof. By (2.1) and simple computations one has
where
Let g 1 (x) = arctan x − x/(1 + x 2 ), and g 2 (x) = (2p − 1)
It is not difficult to verify that the function x → [(1 + x 2 ) 2 arctan x]/x is strictly increasing from (0, 1) onto (1, π), hence (2.6) implies that g 1 ′ (x)/g 2 ′ (x) is strictly decreasing in (0, 1). Therefore, g(x) is strictly decreasing in (0, 1) follows from Lemma 2.1 and (2.5) together with the monotonicity of g 1 ′ (x)/g 2 ′ (x). Moreover, making use of l'Hôpital's rule we get
and lim
We divide the proof into three cases. Case 1 u ≥ 1/(3p). Then from (2.4) and (2.7) together with the monotonicity of g(x) lead to conclusion that f u,p (x) is strictly increasing in (0, 1). Therefore f u,p (x) > 0 for x ∈ (0, 1) follows from (2.2) and the monotonicity of f u,p (x).
. Then from (2.4) and (2.8) together with the monotonicity of g(x) we clearly see that f u,p (x) is strictly decreasing in (0, 1). Therefore f u,p (x) < 0 for x ∈ (0, 1) follows from (2.2) and the monotonicity of f u,p (x).
Then from (2.4), (2.7) and (2.8) together with the monotonicity of g(x) we know that there exists x 0 ∈ (0, 1) such that f u,p (x) is strictly decreasing in (0, x 0 ) and strictly increasing in (x 0 , 1).
Let h p (u) = lim x→1 f u,p (x). Then it follows from (2.3) that
Cases 1 and 2 implies that
and
From (2.9) we clearly see that h p (u) is strictly increasing in [(π −2)/[(2p− 1)π + 2], 1/(3p)], then (2.10) and (2.11) lead to conclusion that there exists
1/p − 1 follows from (2.2), (2.3) and (2.9) together with the piecewise monotonicity of f u,p (x).
Proof of Theorem 1. Therefore, Theorem 1.1 follows from Lemma 2.2 and (2.12).
